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Entropy of flows, revisited
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Abstract. We introduce a concept of measure-theoretic entropy for flows and study
its invariance under measure-theoretic equivalences. Invariance properties of the cor-
responding topological entropy is studied too. We also answer a question posed by
Bowen-Walters in [3] concerning the equality between the topological entropy of the
time-one map of an expansive flow and the time-one map of its symbolic suspension.
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1. Introduction

In the context of dynamical systems it is understood that a reasonable
measure-theoretic or topological entropy should be a measure of the
complexity of the system and they should be invariant under measu-
rable or topological change of coordinates, respectively. If the dynamical
system is a homeomorphism on a compact manifold, Kolmogorov and
Sinai found successfully a good concept for measure-theoretic entropy.
Nevertheless if the dynamical system is a flow we face some difficulties,
the entropy of the homeomorphisms generated by the time-one map of
two measure-theoretically or topologically equivalent flows may not be
the same. The main problem is that in general measurable and topo-
logical change of coordinates (in the case of flows) allow speed changes
which are hard to be taken in account. Here we introduce a concept
of measure-theoretic entropy (and topological entropy) for flows which
behaves reasonable well when we make a speed change or a reparame-
trization of the flow. It is easy to study its invariance, in particular the
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316 W.SUN AND E. VARGAS

0 and oo entropy are preserved under measure-theoretic equivalence or
speed changes.

Instead of adapting time-one map, our concept of measure-theoretic
and topological entropy focus on the whole flow itself. Iterating partition
as in the discrete case does not work here and so we consider certain
open sets consisting of points whose reparametrized segments of orbits
are close each other. The measure-theoretic and topological entropy
obtained generalizes the original ones defined usually by time-one map.
We prove that they coincide in the special case of flows without fixed
points.

In [10] it was introduced a concept of topological entropy for flows
which takes in consideration all possible reparametrizations of the flow.
Here we will follow some ideas in [5], [10] to introduce our concept
‘of measure-theoretic entropy for flows. The corresponding topological
entropy is studied too.

In [3] Bowen-Walters posed a question concerning the equality bet-
ween the topological entropy of the time-one map of an expansive flow
and the topological entropy of the time-one map of its symbolic suspen-
sion. In the present paper we answer this question positively. Before, it
was answered positively by Bowen in [2] in the case of Axiom A flows.

2. Basic Concepts and Main Results

We start this section introducing some notation. Let (M, d) denote a
compact metric space and ¢: Rx M — M (or just ¢ if clear) a continuous
flow on M. For t € R, ¢: M — M denotes the homeomorphism given
by ¢¢(z) = ¢(z, t). A Borel probability measure (probability for short)
is called ¢;-invariant if for any Borel set B it holds p(¢+(B)) = u(B).
It is called ¢-invariant if it is ¢s-invariant for all . As usual a ¢;-
invariant probability is called ergodic if any ¢s-invariant Borel set has
measure 0 or 1. A ¢-invariant probability is called ergodic if any Borel
set ¢-invariant for any ¢ has measure 0 or 1. The set of all ergodic ¢;-
invariant and the set of all ergodic ¢-invariant probabilities are denoted
respectively by £y, and &;.
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Given a closed interval I which contains zero, a continuous map
a: I — R is called a reparametrization if it is an increasing homeomor-
phism onto its image and «(0) = 0. The set of all such reparametriza~
tions is denoted by Rep(l). Given a flow ¢ on M, x € M, ¢ € R and
€ > 0 we set

B(z, t, €, ¢) :== {y € M; there exists a € Rep|0, t]
with, d(@q() 2, ¢sy) <€, 0< 5 < t}

and call it a (¢, €, ¢)—ball. Clearly, the (¢, €, ¢)—balls are open sets.
Let us introduce now a concept of measure-theoretic entropy for
fows.

Definition 1 Given a flow ¢ on M, p € E4 and 6 € (0,1). Let N(6, t, €, ¢)
denotes the smallest number of (t, €, ¢)-balls needed to cover a set whose

w-probability is bigger than 1 — 6. Then the measure-theoretic entropy of
¢, denoted by e, (¢), is defined by

1
eu(d) := lim limsup—ilogN((S, t, € ¢).

e—0 t—oco
We remark that the limit above is not dependent on the choice of §, see.
[1], [5]. The topological entropy of ¢ , denoted by e(¢), is defined by

e(@) := sup{eu(d); 1 € Es}-

Definition 2 Let ¢: R x M — M and 9: R x W — W be two flows
on compact metric spaces with ergodic invariant probabilities p and v,
respectively. We say that (M, ¢, pn) is measure-theoretically equiva-
lent to (W, 9, v) if there exist a measure preserving homeomorphism
P:M — W and a continuous map o: R X M — R satisfying the follo-
wing
1. 04: R — R is strictly increasing for all x € M,
2. oz(s+1t)=05(s) + 0¢5($)(t)7 forallz € M and s,t € R;
3. Podg(x) = wgz(t) o P(x), for allx € M and t € R.

The continuous map o is called a cocycle of ¢. If ¢, ¥ are just
topological flows we say that ¥ is a generalized time change of ¢ if there
exist a homeomorphism P: M — W and a continuous map o as above.
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Measure-theoretic equivalence is an equivalence relation, that is: it
is symmetric, reflexive and transitive (see Lemma 2 in the next section).
Let us recall that two flows ¢, 9 are called topologically equivalent if there
exists a homeomorphism H: M — W which maps orbits of ¢ onto orbits
of 1/ preserving their orientation. We remark that two flows which do not
have fixed points are topologically equivalent iff one is a generalized time
change of the other. Nevertheless, there exist topologically equivalent
flows which are not a generalized time change one of the other. This
fact follows easily from Lemma 1 in the next section. The following
theorem states that the measure-theoretic entropy defined above is in
some extent invariant under measure-theoretic equivalence.

Theorem 1. Let (M, ¢, ) and (W, ¥, v) be measure-theoretically equi-
valent flows where p,v are ergodic. Then e, (¢) = 0 iff e, () = 0 and
eul®) = 00 iff e,(1) = 0.

Given a flow ¢ we denote, respectively, by h,(¢;) and h(¢:) the
usual measure-theoretic entropy and topological entropy of the homeo-
morphism ¢;. The next theorem relates the entropy we introduce above
with these ones.

Theorem 2. If ¢ is a continuous flow as above which has an ergodic
invariant probability p, then e, (¢) < hu(d1). If ¢ has no fixed points
the equality holds.

The corresponding results hold for topological entropy.

Theorem 3. Let ¢, Y be two flows on compact metric spaces. If these
flows are a generalized time change one of the other, then the following
hold:

1. e(¢) =0 iff e(yp) =0 and e(¢) = oo iff e(y)) = oo.

2. e(¢) < h(¢1) and the equality holds when ¢ has no fized point.

In [8] it is proved that Part 1 of Theorem 3 is still true if we replace
e(¢) by h(¢1) (and e(y) by h(1)). Nevertheless an example of two to-
pologically equivalent flows ¢, ¥ such that h(¢1) = 0 and h(yp1) > 0
is given. Note that, in the special case of flows without fixed points,
the new measure-theoretic entropy and the new topological entropy we
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introduced coincide with the measure-theoretic entropy and the topolo-
gical entropy (respectively) given by the time-one map.

Given an expansive flow ¢ one can define a symbolic suspension flow
associated to it which we denote here by ¢, see Section 6 and [3] for
the precise definition. The following theorem answer a question posed
in [3].

Theorem 4. Let ¢ be an expansive flow without fized points and ¢ be a
symbolic suspension flow for ¢, then h(é1) = h(yp1).

3. Preliminary Facts
In this section we start establishing some intermediate steps to prove
the theorems stated in the previous section.

Lemma 1. If ¢ is a cocycle of a flow ¢ there exrist constants My, Mo
such that Myt < o.(t) < Mat, for all |t| > 1.

Proof. See [10].

Lemma 2. Measure-theoretic equivalence of flows is a reflexive, symme-
tric and transitive relation.

Proof. If (M, ¢, 1) is measure-theoretically equivalent to (W, v, v),
then (W, 4, v) is measure-theoretically equivalent to (M, ¢, p). Indeed,
we define MR x W — R by A\, = o', where y = P(z). Then A
is continuous and satisfies Property 1.-3. This proves that measure-
theoretic equivalence of flows is a symmetric relation. That it is reflexive

and transitive is immediate, see [12]. a

Lemma 3. Let ¢ be a flow without fized points on a compact metric space
M. Then for any given €1 > 0 there exists € > 0 such that for any x, y €
M and any reparametrization o € Rep(I), if d((ﬁa(s)(x), @s(y)) < € for
all s € I it holds |a(s) — s| < €1 whenever |s| <1 and |a(s) — s| < |s|e;
whenever |s| > 1.

Proof. See [10].

Lemma 4. If (M, ¢) and (W, ) are a generalized time change one of
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the other. Then for a given u € £4 define the probability T, by

1 a(1,z)
] dr, = ey | goup@)dsan

for all continuous map g:W — R. The probability T, is an ergodic -
invariant probability and the map p — Ty is a bijection from Eg onto Ey.

Proof. See [8].

4. Flow Entropy and Entropy of Time 7 Maps

Lemma 5. Let ¢ be a continuous flow which has an ergodic invariant
probability p. Then e, (¢) < %h#(@), for any T € R\{0}. In particular
ep(®) < hu(d1).

Proof. Let us consider three cases:

Case 1. Let us consider 7 > 0 and ¢t = n7, where n > 0 is an integer.
For a given ¢ > 0 take n > 0 such that d(z, y) < n implies
d(¢sz, dsy) <€,1f 0 < s < 7. For x € M we set

D(z, t, ¢, ¢) = {y € M; d(¢s, dsy) <€, 0< s <1}

and

D(l‘, n,n, ¢T) = {y S M; d(¢i7-$, ¢z7’y) <mn, 1= 07 17 an}

Then
D(x7 n) n7 ¢T) C D(x7 nT’ E? ¢) C B(x? nT? E? ¢)‘

We denote by N(6, n, 1, ¢,) the smallest number of open balls
D(z, n, n, ) needed to cover a set whose p-probability is bigger than
1 — 6. We also recall that N (6, t, €, ¢) denotes the smallest number of
(t, €, ¢)-balls needed to cover a set whose u-probability is bigger than
1— 6. It follows that N(8, n7, €, ¢) < N(6, n, 0, ¢,).

From [5], [6] it follows that

lim lim sup S log N8, n, m, ¢;) = hu(9+)
n-0 nocco N
therefore
eu(¢) = lim limsup L log N (6, nT, €, ¢) < %h#(dy).

e—0 n—ooc NT
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Case 2. Let us consider 7 > 0 and ¢t > 0.
Take n; > 0 an integer such that nyr <t < (ng+1)7. It is clear from
the definition that N (6, t, €, ¢) < N(6, (ny + 1)7, €, ¢). Thus we get
1
eu(¢) = lim limsupzlogN((S, t, €, @)

=l -0

1
< lim limsup — log N (6, (ny + 1)7, €, ¢)
e—0 tHoo MT

1
= 2141)1(1) llillSOL}p m log N((S, (nt + 1)T, €, ¢)
1
< Zhy(hn).
< “hy(dr)

Case 3. Let us consider 7 < 0 and t > 0.
Then taking —7 > 0 and arguing like in Case 2 we get

1 1 1
e,u(¢) < “jr‘h‘r((b—‘r) = _;h,u((b‘r) = };“ﬁu(‘ﬁr) O

Theorem 5. Let ¢ be o continuous flow on a compact metric space M.
If ¢ has no fized points and y is an ergodic ¢-invariant probability then
eu(®) > I71hu(¢r), for any T € R\ {0}.
Proof. First we consider a partition £ = {Ay,..., Am, Apn+1} of M such
that
1. The sets Ay, Ag,..., A, are compact and pairwise disjoint.
2. A1 = M\ (UiZy A).

Then we define the sequence of partitions

n—1
&=\ ¢7%¢
=0

and recall that by definition

hu(pr, €) == — lim Y~ p(A)log pu(A).
Aegl

The theorem is a consequence of the following claim.

Claim. For any r > 0 and any partition ¢ satisfying Properties 1.-2.
above it follows that

1
T+ e, (¢) > IT—|hu(¢n £)-
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In order to prove this claim we choose a positive integer L so that

ﬁ log6 < r and consider three cases.
Case 1. Let us consider 7 > 0 and ¢t = nL7, where n > 0 is an integer.
The element of &7 which contains z is denoted by A,(z). By

Shannon-McMillan-Breiman theorem (see [4], [7], [9]) the limit
— Jim_ = log u(An()

exists for z in a set of full p-probability. The sequence
2 — — log i An(z)

converges in the L1 norm to a L! function which we denote by z —
hu(§, ¢1-,2). Since u is by assumption ergodic and h,(§, ¢r-, ) =
hu(&, ¢1+, ¢1-(x)), it follows that, for = in a set of full u-probability
hu(€, o, x) = hu(§, oLr)-

Take a small constant b > 0 and define
Anp(€) = {A € &L, m(A) < exp(—n(hu(§, é1,) — b))}

and
Aw@) = U A
AcA i (8)
It follows that p(Anp(€)) > 26 for some 6§ > 0 and all n big enough.

Set ng := min{d(z,y);z € A,y € A; and 1 < i # j < m}.
Given n € (0,79) we choose § > 0 so that d(¢s(2), z) < n/3 for all
z € M and |s| < 6. We also choose € € (0,7/3) corresponding to €; =
6/(4L7) in Lemma 3. Then we set N := N(6, ¢, €, ¢) and consider
(t, €, ¢)—balls B(x1, t, €, @), ..., B(zn, t, €, ¢) whose union covers a set
of u-probability bigger than 1 — §. Observe that

N
pAw©) N | Blaj, t, €, ¢)) > 6.

j=1
Let us prove now that for each j = 1,... , N at most 6" elements
from A,;(€) have non-empty intersection with B(z;, t, €, ¢). Indeed, if
z € AN B(z;, t, €, ¢) there exists o € Repl0, t] such that

d(qba(s)wj, osx) <€, 0<s<HL.
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Setting u := s—s7 and y(u) := a(s)—a(sy) we get v € Rep|—s1, t—s1]
such that d(¢7(u)¢a(sl)$j, PuPs, T) = d(¢a(s)$j7 ¢sx) < €, for —s1 <u <
t — s1. So, for u = s9 — 51 with [sg — s1] < L7 it follows from Lemma 3
that |(a(s1) — s1) — (a(s2) — s2)| < /4.

Then we denote by [2] the biggest integer smaller or equal to z and
consider the following sequence of integer numbers

a(kLT) — kLT
oL._.{——q———~]}, k=01
1

If for another element A € £F . there exists y € AﬂB(a:j, t, €, ¢),
then we can take 8 € Rep|0, {] such that d(¢ﬂ(s)$j, osy) <€, 0<s<t

If the sequences S, and Sg are the same we get

la(s) = B(s)] < [(als) — 5) - <a<[{”—1L¢> £
+la(=1Ln - [L—lm (BUL=ILT) = [£=IL7)]
+(B(s) — 8) = (B ILT) = [7=IL7)]
0, 0 ollfIln) — [EILr _ BUEILT) — [EiLr, 0
SZ+Z| L % — L % L !+ Z
<,

for all 5 € [0,¢]. From the choice of 8 it follows that d(¢, ()25, ¢5(s)%;) <
n/3 for all s € [0, t]. Therefore
A(@sT; Dsy) < A(DsT, D)) + APoa(s)Ts> Pp(s)T5) + APg(s)Tsr PsY)
<e+g+6<n
for all 0 < s < t. In particular d(cﬁiLT:c, ¢ y)<m, i=0,1,.,n—1

Recall that for an element A in A,;(§) there exist 1g,41,... ,9,-1 €
{1,...,m + 1} such that

A= Alo m¢LT Alz)m n¢L(n Y 7"n, 1)
Then for a given sequence S, there exist at most 2" choices for A such
that AN B(x, t, €, ¢) # 4.
Now observe that the first term of a sequence S, is zero and two
consecutive terms of it differ at most by 1. So there exist at most 371
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such sequences. Then we conclude that for each j = 1,... , N at most
6™ elements from A,;(¢) has non-empty intersection with B(z;, ¢, €, ¢).
It follows that at most N6™ elements from A,;(¢) has non-empty inter-
section with U= B(zj, ¢, €, ¢).

Recall that

N
N(Anb(g) N U B(m_’n t? €, ¢)) > 6
=1
and for each A,u(z) in Ap(§)

N

wAnp(@) N Bl t, €, 9)) < exp(—n(hu($Lr, €) — b))
1

It follows that at least é exp(n(h,(¢r-, {) — b)) elements from A,;(£) has
non-empty intersection with Uévﬂ B(z;, t, €, ¢). Therefore

6"N (¥, ¢, €, ¢) = dexp(n(hu(dr-, §) — b))
It follows that
hu($r,6) < euld) 7
as we claimed.
case 2. Let us consider 7 > 0 and ¢ > 0.

Take n¢ € Z1 such that ni L7 < t < (n¢ +1)L7. It is clear from the
definition that N (6, ¢, €, ¢) > N(6, nt L7, €, ¢). Thus we get

1
eu(¢) +r = lim limsup 7 logN(, t, €, )+

e—0 t—o0

. 1
> lim lim sup ———————log N (6, m;LT, € +7r
—E—I%lt_,ol:p(nt-!-l)LT 2 (7 t 3 7¢)

1
= lim lim su
e—{) t——»oop ntLT

> ~hu(6r,6)

log N(6, ne L7, €, ) + 1

Case 3. Let us consider 7 < 0 and t > 0.
Then taking —7 > 0 and arguing like in Case 2 we get

eud) 2 ~—hr(6r) = ~h(é0) = | Ihu(4). 0

Bol. Soc. Bras. Mat., Vol. 30, N. 3, 1999



ENTROPY OF FLOWS, REVISITED 325

Corollary 1. Let ¢ be a flow on a compact metric space which has no
fized points. Then for any ergodic ¢-invariant probability p we have that

hu(¢1) = eu(¢) = lim lim %logN(é, t, €, &).

e t—oc0

Proof. We can replace limsup by liminf in the proof of Theorem 5 and

get
hn(1) htmmf log N(b, t, €, ¢) > h,(d1).
€-— — 00
This together with Lemma 5 imply that h,(¢1) = eu(9). O

5. Proofs of Theorems 1-3

Proof of Theorem 1. Let ( M, ¢, 1) and (W, 9, v) be measure-theore-
tically equivalent flows where u, v are ergodic. Let P, ¢ be as in Defini-
tion 2

Lemma 1 guarantees the existence of a constant Ms > 0 such that
0 < o04(t) < Mot for all z € M and ¢ > 1, see [10].

For a given € > 0 choose 1 > 0 such that d(P~1(y1), P~ (y2)) < € for
all y1, yo € W with d(y1,y2) < 7. Letusfix § > 0, N .= N(§, t, n, ¢)
and choose (t, 1, ¥)—balls B(y1, t, n, ¥), ..., B(yn, t, 1, ¥) whose union
covers a set of v-probability bigger than 1 — 6.

For y € B(y;, t, 0, ¥) there is o € Rep|0,t] such that

(wa(s (yj) Ys(y ) <n 0<s<t.
Taking Ay = o 1 where y = P(z) it follows that

A@x (a(s)) © P~ Us)s Dry(s) 0 P (0)) =
= d(P™ o)1), P ots(y) <€, 0<s <t

Setting u := A\y(s), B(u) := /\yj owo )\Zjl(u) and recalling that A (t) =
o5} (t) it follows that Ay(t) > 77t for all ¢ > 1. Then
-1 ~ t
d(Gpu) © P ) duo PN <6 0Sus o
Therefore

- . . t '
P By, t. 0, ¥) © BP wy), 37,69 G=1,2 ., N

Bol. Soc. Bras. Mat., Vol. 30, N. 3, 1999



326 W.SUN AND E. VARGAS

Since P, ,u = v we get

N
#(UB Wiy 17, & ) 2 (U Bl t.7,9) 2 1- 6
i=1
and ;
N(‘S! —M_27 €, (b) < N(67 t7 B ¢)

For By := My it follows that e,(¢) < Bae,(¢). By symmetry there
exists another constant By such that e,(¢) > Bje,(¢) and theorem
follows immediately. O

Proof of Theorem 2. This theorem follows immediately from Lemma 5
and Theorem 5. : O

Proof of Theorem 3.
Part 1. By Lemma 1 there exists a constant Ms > 0 such that o(z, t) <
Moyt for all z € M and ¢ > 1. For a given ¢ > 0 choose 7 > 0 so that
d(P~!(y1), P~ (y2)) < € for all y1,yp € W with d(yy, y2) < 7.

Given p € &y set
sup{o(z,1);2 € M}

pi= Sy oz, 1)dp

clearly 8 > 1. f T'), € &, is the probability given by Lemma 4 and B is
a Borel set we have that

1 a(z,1)
Iu(P(B)) = m/ (/0 XP(B) © ¢s(P($))d8> dp

_ Jpol(z, V)dp
f v oz, Ddp’
here xp(p) denotes the characteristic function of the set P(B). Then

I'u(P(B)) < Bu(B).
Let us fix § > 0, N := N(6, t, n, 2) and choose (1,7, ¢)-balls

B(yi, t,n, ¥), ..., Blyn, t, 7, ¥)

whose union covers a subset of W with I',-probability bigger than 1 —¢.

bl

Since

P B, £, 9) € BIP ), 15,6 ), i=1, oy N
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it follows that

p(J B ), 260 2 wPH( Byt )
i=1 i=l
>(1-8)/8=1-4¢".
So ;
N(él’ _Mza €, QS) < N(67 ta 7, 1/))

Since e,,(¢) is not dependent on the choice of § we get e, (¢) < Maep . (V)
Taking Cy := Mo we have that e(¢) < Cae()). By symmetry we also
get Cre(y) < e(¢), for some constant Cy > 0 and Part 1 of the theorem
follows.

Part 2. Let us remember that the set of all ergodic ¢;-invariant and ¢-
invariant probabilities are denoted respectively by &4, and Ey. By My,
we denote the set of all ¢;-invariant probabilities.
It is clear that £, C My, . From Theorem 2 we get
e(¢) = sup eu(@) < sup hu(d1) < sup hu(¢1) = h(¢1).

,u68¢ ,u68¢ V€M¢1

If the flow ¢ has no fixed points it follows from Theorem 5 that

sup ey(@) > sup h,(¢1).
peEy HEEy

In [8] it is proved that

sup hu(¢1) > sup h,(¢1) = h(¢1).
,u.€8¢ V€5¢1

This part of the theorem follows immediately. O

6. Expansive Flows and Symbolic Dynamics

Let us start this section recalling some facts from [3]. Given a finite
family F = {S1,..., Sk} we set £z := [[, F. The elements of Xr are
bi-infinite sequences which we denote by S = {S;}2___. The metric d

in ¥ is defined as follows

> §(S}, 52
d(Sl,S2) — Z (21_“' ),

t=—0c0
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where (S}, 8%) =0 if S} = 52 and §(S}, S?) =1 if S} +# S2.

The map 0: X7 — Xz is the shift defined by o(S) = S where S; =
S;+1. Defined in this way o is an expansive homeomorphism of X .

Definition 3. A flow ¢ is called expansive if for any £ > 0 there exists
9 > 0 so that, if d(¢s(x), ¢a(s)(y)) < 8 for some x,y € M, o € Rep(R)
or a =0 and any s € R it follows that y = ¢(x) with |t| < €.

The definition of expansive flow is independent on the choice of the
metric. Among expansive flows there are Anosov flows, Smale Axiom A
flows and suspensions of expansive homeomorphisms. Expansive flows
have finitely many fixed points and each one of them is an isolated point
of M. This reduces the study of expansive flows to those without fixed
points.

Throughout this section we assume that ¢: R x M — M is an ex-
pansive flow without fixed points.

Definition 4. Given a flow ¢ and { > 0 a local cross section at time ¢
is a closed set S contained in M such that SN ¢p_¢ (x) = {z} for all
xeS.
If S is a local cross section of ¢ at time ( we have that ¢ maps
x [—(, ¢] homeomorphicaly onto ¢[—C7C] (S). Defining

S* = SﬂInt (¢

(for any s > 0) it follows that ¢(_; ,)(S*) is an open set and ¢[_; (5\5”)

is a closed set with empty interior.
It is proved in [3] that there exist ¢ > 0, ¥ € (0,¢) and a family

F = F(,9) ={S1,...,Sk} such that

1. 81, S9, ..., Sy are pairwise disjoint local cross sections at time ¢.

2. ¥ > 0 is the constant corresponding to £ > 0 given by Definition 3
and diam F := max{diam S;; i=1,...,k} is smaller than .

3. M = ¢jo 5 U1 Si = ¢9,0) U1 i

4. ¢y (@)NUiZ1 S; = @ and ¢_y0)(@)NUL1 S = @ forallz € Uiy Si
and some b € (0,9).
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Define

k
W= M\ | dnod_s.9( US\S and V=Wn (]S
nez i=1

For z € V we consider the doubly infinite sequence
<t og(x) <t 1(x) <tolz) =0<t1(z) < ta(x) <

of all ¢ such that ¢:(x) € Uf“' 19;. Let @i(x) denote the element of F
that ¢, (,)(x) belongs to and define Q(z) = {Qi(z
a o-invariant closed set Ax = Q(V) C Z.

For T = {TZ}J_F;’,? in Ay we take z Ule S; and a doubly infi-
nite sequence {t;(z)}1 with to(z) = 0, t;41(z) — ti(z) € [b, 9] so that
¢)ti(z) (x) € T;. Then, defining f(T) := t;(x) we get a continuous well
defined function f: Ar — R such that f(T) > b. A symbolic suspension
flow for ¢ under f, namely (Af;, ©) or just v, can be defined as follows

Then we get

1:—00

Ay = {(T, 8T € Ar, 0< s < f(MY/(T, f(D)) ~ (o(T),0)

and
o((T,s),t) = (T, s) = (T, t+s5), 0<t+s< f(T).

There exists a continuous surjection p: A; — M so that pop; = ¢rop
for all . Moreover, there exists a Baire set W = p~L(W) contained in
Af; which is mapped by p homeomorphicaly onto the Baire set W. See
[3] for more details.

In 2] it is proved that h(¢1) = h(p1) in the case that ¢ is an Axiom
A flow. In [3] the following problem is posed.

Problem. In the case that ¢ is an expansive flow is it possible to get
h{¢1) = h(y1) by choosing the family F of local cross sections carefully?
The following theorem assures a positive answer to this problem.

Theorem 4. Let ¢ be an expansive flow without fized points and ¢ be a
symbolic suspension flow for ¢, then h(¢1) = hip1).
To prove this theorem we need the following lemma.

Lemma 6. Given € > 0 there exists 7 > 0 so that for all y1,y2 € W with
d(yy, y2) < n we have that d(p™' (y1), p~ (y2)) <
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Proof. We recall that pful, is a homeomorphism between the Baire sets
W and W and consider the following claim.

Claim. For any a in M and any A € p~1(a), there exists 7(a) > 0 such
that p=1(B(a, n(a))) C B(4, §).
To prove this claim we consider two cases.

Case 1. In this case we assume that a € W. By the continuity of p~* in
W there exists n(a) > 0 such that

€
g

p~1(B(a, n(a)) NW) C B(A .

)

This implies that p~'B(a, n(a)) C B(A, €/4). In fact, otherwise the
open set p~(B(a, n(a))) \ B(4, g) would contain some 7" € Aé and its
neighborhood B(T, 1) for some small [ > 0. Since W is dense in AJ; one
can find a point P in B(T, ) N W what contradicts P = p~1(p(P)) €

p~Y(B(a, n(a)) N W) C B(4, §). Therefore the claim is true

Case 2. In this case we assume that a € M \ W. Then we take and fix
A € p~1(a) and notice that p(B(A4, §)) contains not only a = p(A) but
a neighborhood of a in M. In fact, otherwise for each positive integer
n one could pick out y, € (B(a, %) NW)\ p(B(4, g)). The sequence
Yn converges to a as n tends to infinity. Take a sequence {A,}52 ; in
W such that A,, converges to A. Then d(y,, p(A,)) converges to zero
as n tends to infinity. Since p]_ul, is a homeomorphism between the
Baire sets W and W we get that d(p~1(y,), An) converges to zero. So
o yn) € B(A, g) for n large enough which contradicts the choice of
Yn- This implies that p(B(A, §)) contains B(a, n(a)) for some 7(a) > 0.
Clearly p~Y(B(a, n(a)) N W) C B(A, §)- Again the claim is true.

In this way we get an open cover {B(a, n(a));a € M} of M. If >0
is the Lebesgue number of this cover it follows that p~!(B(y, 7)) C
B(p~1y, 7), for any y € M N W and the lemma follows. O

Proof of Theorem 4. The notation employed in this proof is the same
introduced above. Take v an ergodic probability for the flow ¢ on Aé
and set i := p,v. Then u is an ergodic probability for the flow ¢ on M.
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Given x € M, and ¢, n € R we set

D(z, t, n, ¢) = {y € M; d(¢s(x), ¢s(y)) <7, 0 < s < t}.

Given § > 0 denote by N (8, t, 1, ¢) the smallest number of these open
sets needed to cover a subset of y—probability bigger than 1 — §. Let
us prove that N(&,t,n,q&) > N(b,t,¢,¢), see Definition 1 in order to
remember the meaning of the notation N(4,t,¢,¢). Indeed, if N :=
N((S, t,n, @) we choose D(x1,t,m, ), ..., D(znN,t,n, ¢) whose union cover
a set of u-probability bigger than 1 — 4.

First we need to replace the points x; possibly not in W to points z;
in W. Then let €,7 be as in Lemma 6 and take £ > 0 very small so that,
if d(y,y') < n+ ¢ then d(p~(y), p~ (%)) < &/2, for any y,y’ € W. Take
w > 0 small enough so that, if d(y,y’) < w then d(és(y), ds(y)) < &, for
any ¢,y € M and 0 < s <.

Now we choose 2; € B(z;,w) N D(zit,n,¢) N W, where B(z;,w)
denotes the open ball of radius w centered at x;. For y € D(z;,t,7,9)
one sees that

d(ds(2:), @s(y)) < d(Ps(2:), @5(2)) + A5 (i), ds(y)) <n+& 0<s<t.

This gives D(z;,t,n,¢) C D(2;,t,n+€,¢), i=1,...,N. Then the open
sets D(z1,t,n +&,9),...,D(zn,t,n + &, @) cover a set of u-probability
bigger than 1 — é. '

From Lemma 6 it follows that

P (D2t + E:6) W) C B 7,1, 6/2, ),
and, since p~1(W) is dense in Aff we see that

p Dz, t,n+ €, ¢) C Blp 'z, t,e,0), i=1,2,...,N.

Then
N N
v(lJ Blp™ 2, t,e,9) > v(p~ (| D(zi,t,1,¢)
i=1 i=1
N
=1

It follows that N(6,t,7,6) > N(6,t,¢, o).
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Now we choose o > 0 small enough so that d(y, ¥') < « implies
d(ds(y), ds(y')) <m, 0<s<1.Ift=(k—1)+q, k€ Zand0<g<1
we set

D(y7 ka &, ¢1) = {yl € M; d(¢l(y)a ¢’L(y,)) <a, 1= Oa 1, .., k— 1}

If R(6, k, a, ¢1) denotes the smallest number of these open sets needed
to cover a subset of u—probability bigger than 1 — é then

R(6, k, o, ¢1) > N(8, t, 1, ) > N(6, t, €, ).

From this and the definition of h,(¢1) and e, (¢) it follows that h,(¢1) >
eu ().

One can easily check that p.&, = £, so by Theorem 2 together with
the fact that neither ¢ nor ¢ has fixed points we get

e(¢) = sup{e,(9); p €&}
= sup{h,(d1); 1 € Ey}
> sup{e, (p); v €&y} = e(p).

Then by Theorem 3 it follows that h(¢1) = e(¢) > e(p) = h{p1). From
po w1 = @1 0 p one can easily show that h(¢$1) < h(yp1) and then we get

h(¢1) = h(p1). O
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